WILLMORE SPHERES IN QUATERNIONIC PROJECTIVE SPACE 



K. LESCHKE 



Abstract. The Willmore energy for Frenet curves in quaternionic projective space HUP" is 
the generalization of the Willmore functional for immersions into S 4 . Critical points of the 
Willmore energy are called Willmore curves in HP™. 

Using a Backlund transformation on Willmore curves, we generalize Bryant's result on 
Willmore spheres in 3-space: a Willmore sphere in HP™ has integer Willmore energy, and is 
given by complex holomorphic data. 



1. Introduction 

This work is part of a project where "quaternionified" complex analysis is used to study 
old and new questions in surface theory. The first accounts of this program are presented 



in |PP98j . BFL + 02j and |FLPP0i] . An important feature in the quaternionic setup is that 
conformal maps from a Riemann surface into S 4 = HP 1 play the role of the meromorphic 
functions in complex analysis. More generally, if we consider holomorphic curves / : M — > 
HP" then the components of / are branched conformal immersions into S 4 = HP 1 . Thus we 
can think of a holomorphic curve in HP" as a family of branched conformal immersions into 
S 4 . 

Basic constructions of complex Riemann surface theory, such as holomorphic line bundles, the 
Kodaira embedding, the Plucker relations and the Riemann-Roch theorem, carry over to the 
quaternionic setting. There is an important new invariant of the quaternionic holomorphic 
theory distinguishing it from its complex counterpart: the Willmore energy is defined for 
holomorphic curves in HP™. For immersions / : M — > S into S 4 = HP 1 we obtain the 
classical Willmore functional f M (\H\ 2 — K — K 1 -) \df\ 2 where H is the mean curvature vector, 
K the Gaussian curvature, and K 1 - the curvature of the normal bundle. Willmore surfaces 
/ : M — ► S 4 are critical points of the Willmore functional Wil93 . It is a well-known fact, 
that Willmore surfaces in S 4 are characterized by the harmonicity of the conformal Gauss 
map. 

To generalize the notion of Willmore surfaces to the case of a holomorphic curve / : M —* HP" , 
we use the the analogue of the conformal Gauss map of an immersion into S 4 , the so-called 
canonical complex structure of /. In general, the canonical complex structure exists only 
away from a discrete set of M. In view of the relation between the Willmore condition 
and harmonicity, we restrict to the case of Frenet curves. These are holomorphic curves for 
which the canonical complex structure exists smoothly on M. A Frenet curve in HP" is called 
Willmore if it is a critical point of the Willmore energy under compactly supported variations 
by Frenet curves. 

Similar to the 3 and d transforms of harmonic maps into complex projective space Wol88j . we 
define a Backlund transform of a Willmore curve by using the (1, 0)-part of the derivative of 
the canonical complex structure. This generalizes the Backlund transformation in |BFL + 02] 
for Willmore surfaces in HP 1 to Willmore curves in HP". 



MSC-class: 53Axx, 53Cxx, 30Fxx 
Partially supported by SFB 288 and by NSF-grant DMS-9626804. 

1 



2 



K. LESCHKE 



The Backlund transform / of a Willmore sphere / : S 2 — > MF n is a Willmore sphere in HP fc , 
k < n, or a constant point in HP™. More precisely, the Backlund transform / : S 2 — > HP fc 
is given by a twistor projection of a holomorphic curve 5 : 

5-2 C jp2fc+^ Using the special 



form of the Backlund transform, we prove a generalization of the results of Bryant Bry84 
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and Ejiri, Eji88 : every Willmore sphere / : S — > FJP n is either a minimal surface in 
with planar ends or is given by a twistor projection of a holomorphic curve in some complex 
projective space. Moreover, a Willmore sphere has Willmore energy in 47rN. 

2. Holomorphic curves and holomorphic bundles 
We set up some basic notation used throughout the paper. For more details of the underlying 



quaternionic theory, we refer to lBFL+02| . jFLPPOlj and jPP98j . 



We view a Riemann surface M as a 2-dimensional, real manifold with an endomorphism field 
J G T(End(TM)) satisfying J 2 = — 1. If V is a vector bundle over M, we denote the space 
of V valued quaternionic /c-forms by Q k (V). If to G ^(V), we set 

*uj := to o J . 

Moreover, we will identify lo G Q 2 (V) with the induced quadratic form u>(X) := u>(X, JX). 
In particular for pairings V\ x V2 — > V3 we will identify 

u; A 77 = uj * t] — *u;rj, u G r2 1 (Vi),ry G ^(V^), 

where the wedge product is defined over the pairing. 

Most of the vector bundles occurring will be quaternionic vector bundles, i.e., the fibers 
are quaternionic vector spaces and the local trivializations are quaternionic linear on each 
fiber. We adopt the convention that all quaternionic vector spaces are right vector spaces. A 
quaternionic connection on a quaternionic vector bundle satisfies the usual Leibniz rule over 
quaternionic valued functions. 

If V\ and V2 are quaternionic vector bundles, we denote by Hom(Fi, V2) the bundle of quater- 
nionic linear homomorphisms. As usual, End(V) = Hom(F, V) denotes the quaternionic 
linear endomorphisms. Notice that Hom(Fi, V2) is not a quaternionic bundle. 

Let V be a quaternionic vector bundle with complex structure S G r(End(V)), S 2 = —1. We 
phrase this as (V, S) is a complex quaternionic vector bundle. 

Given a connection V on V, we can decompose V = V + V" into (1, 0) and (0, 1) parts with 
respect to S, where 

V' := ~(V - S * V) and V" := i(V + S * V) . 

Let Hom±(V;W0 = {B G Hom(y,W) | S W B = ±BS V } where (V, S v ) and (W,S W ) are 
complex quaternionic vector bundles. We denote by B± = ^(-Bt SwBSy) G Hom±(V, W) 
the ±-part of B G Hom(V, W). We can decompose V and V" further into 

V" = d+Q, V = d + A 

where 

dS = SB, dS = Sd 

and 

Q = V" G r(i^End_(y)), A = V'_ G T(K End_(V)) . 

Here we denote by 

KE := {lo G A x (TM) ® E \ *uj = Slo} 
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and 

KE := {uj G A 1 (TM) ® E \ *uj = -Slu} 

the tensor product of the canonical and anti-canonical bundle with a complex vector bundle 
(E,S). Notice that 

(2.1) VS= [V,5] = [Q + A,S] =2(*Q-*A). 
In particular, if V is flat, then 

(2.2) d w * A = (f * Q 
and 

(2.3) A*A = S*VS- VS, 4*Q = 5*V5 + V5. 



We denote by V the trivial H n+1 -bundle over M. Let £ — ► G k+ \{V) be the tautological 
(k + l)-plane bundle whose fiber over 14 G C4 + i(HI n+1 ) is Y>y k = V k C V. A map / : 
M — > G/ c _)_i(V r ) can be identified with a rank fe + 1 subbundle 14 C F via 14 = /*£, i.e., 
(Vfc)p = £/(p) = f(p) for p G M. From now on, we will make no distinction between a map 
/ into the Grassmannian G k+ i(V) and the corresponding subbundle 14 C V. 

The derivative of 14 C V is given by the Hom(14, V/Vk) valued 1-form 

(2-4) 5 = K Vk V\ Vk , 

where Tty k : V — > V/14 is the canonical projection. Under the identification TGfc+i(V) = 
Hom(S, V/S) the 1-form 5 is the derivative df of f : M —> G k+1 (V). 

Definition 2.1. Let V = HI n+1 be the trivial quaternionic n+l-plane bundle over a Riemann 
surface M, 

(1) A rank k + 1 subbundle Vfc C V is a holomorphic curve in V if there exists a complex 
structure J G T(End(14)), J 2 = —1, such that 

*5 = 5 J. 

(2) The Frenet flag of a holomorphic curve / : M — > HP™ is a full flag 

L = /*£ = y C Vi C . . . C K-i C7„ = V 

of quaternionic subbundles of rank 14 = + 1 together with complex structures </& 
on the quotient bundles 14/14-1 , = J, such that 

(a) VT(V k ) C n 1 (V k+1 ). 

(b) The derivatives 5 k = vr^V : 14/14_i T*M ® Vfc+i/14 satisfy 



Example 2.2. Consider the line bundle L = /*£ C M 2 induced by / : M S" 4 = HP 1 . 
The corresponding flag is L C V\ = H. 2 . The line bundle L is a holomorphic curve if there 
exists a complex structure J on L such that *5 = <5J. We obtain an equivalent condition 
written in terms of /: L is a holomorphic curve if and only if there exists J G T(End(L)) 
such that *df = df o J, i.e. / : M — > HP 1 is a branched conformal immersion (for a detaile d 
development of conformal surface theory using quaternionic valued functions see |BFL + 02"] ^. 
If the derivative of L has no zeros, then / is an immersion. In this case, we can define 
the conformal Gauss map which can be identified with a complex structure S on H 2 which 
induces J on L. Moreover, S satisfies *5 = S5 = 5S and the second order tangency condition 
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Q\l = 0. The immersion / is Willmore if and only if the conformal Gauss map is harmonic 
Eji88], |Kig87| , which is equivalent |BFL+02l Thm. 3] to 



d v * A = . 

Recall that a complex structure S G r(End(y)) is called adapted to the Frenet flag L = Vq C 
Pi C ... C V of a holomorphic curve / : M — > HP™ if S induces the complex structures given 
by the Frenet flag, i.e., if 

*5 k = S5 k = 5 k S 

for k = 0, ... , n — 1. The analogue of the conformal Gauss map of a conformal immersion 
/ : M — > S" 4 is an adapted complex structure which satisfies a certain second order condition. 

Definition 2.3. Let / : M — > HP™ be a holomorphic curve and L = V C V\ C . . . C V be 
the Frenet flag of L. The unique adapted complex structure S E r(End(V)) with 

= or, equivalents .4(F) C TM* ® L , 

is called the canonical complex structure of L. Here V = d+Q + d + A is the decomposition 
of V with respect to 5. 

In general, the Frenet flag and the canonical complex structure of a holomorphic curve / : 
M — * HP™ only exist away from a discrete set D, the Weierstrass points of L. These are the 
zeros of the derivatives 5 k of the flag bundles V k . In case of a holomorphic curve / in HP 1 
the Weierstrass points are the branch points of the map / : M — > S 4 . 

Whereas the Frenet flag of a holomorphic curve always extends continuously into the Weier- 
strass points |FLPP0ll Lemma 4.10], the canonical complex structure may become singular 
as the following example |Pet04| shows: If / : M — > HP 1 is the twistor projection of a com- 
plex holomorphic curve h : M — > CP 3 then the canonical complex structure is given by the 
tangent line W\ C V of h, namely S\w 1 = i and S\wij = —i- But the tangent W\ C V of h 
can become quaternionic, i.e., W\ = W\j at some p £ M. In this case the canonical complex 
structure S degenerates to a point at p G M and thus S cannot be extended into p G M. To 
avoid these difficulties, we will only consider holomorphic curves / : M — > FJP n which have a 
smooth canonical complex structure. For conformal maps / : M — > HP 1 this means that the 
mean curvature sphere congruence extends smoothly across the branch points. 

Definition 2.4. A Frenet curve f : M — > MP n is a holomorphic curve which has a smooth 
canonical complex structure on M. 

Remark 2.5. Note that this definition is more general then the one given in [FLPPOf] . In 
contrast to |FLPP0ll Def. 4.3] we allow / to have Weierstrass points. However, the smooth- 
ness of the canonical complex structure guarantees, as we will see below, the existence of the 
Frenet flag on M . 

Example 2.6. A trivial example for a Frenet curve is an unramified curve / : M — > HP™, 
i.e., a holomorphic curve without Weierstrass points. In the case n = 1 an unramified curve 
is a conformal immersion / : M — > S 4 . 

In what follows, the example of the dual curve of a Frenet curve also will play an important 
role. For any subbundle V k of V let 

V£ := {a G V^ 1 | < a, tp >= for all tp G V k } , 

where V^ 1 is the dual bundle of V. The dual curve L* of a Frenet curve L C V with Frenet 
flag L = Vo G Ki C . . . C 7 is the holomorphic curve in V -1 defined by 
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The Frenet flag of the dual curve /* is given by 

(2-5) v^ = v^_ k . 

An adapted complex structure S of L induces an adapted complex structure on L* by the 
dual map S*. If V = 8 +d + A + Q is a connection on V then the induced dual connection 
V* on V~ x is decomposed as 

V* = V* + Q ] + A ] , 

where 

(2.6) = -Q* G r(i^End_(y^ 1 )) and Q ] = -A* G r(KEnd_(F" 1 )) . 

The decomposition of the dual connection V* = 8* +d* is given by 

-* - 1 

(2.7) <d a,ip > + < a,dip >= -(d < a, if) > + *d < a, Sip >) 

(and a corresponding equation for d*). If S is the canonical complex structure of L then 

Qt| Vn ,_ i= -,4*| iX =0, 

and S* is the canonical complex structure of the dual curve L*. In particular, the dual curve 
of a Frenet curve is Frenet. In the case of a Frenet curve / : M — ► S 4 , the dual curve is given 
by the antipodal map since L* = V^-\ = 

A holomorphic curve / : M — > HP™ induces a holomorphic structure D on the dual bundle 
L^ 1 of L = f*H. Recall the definition of a (quaternionic) holomorphic structure: 

Definition 2.7 (see |PP9 8 ). A holomorphic structure on a complex quaternionic vector 
bundle (V, S) is a real linear map D : T(V) — > T(KV) satisfying 

D(%/;\) = (Dif/)X + ^(ipdX + Si(j*dX), X : M -»• M. 

We denote by H°(V) = ker D C r(V) the space of holomorphic sections and call (V,S,D) 
a holomorphic quaternionic vector bundle. A subbundle W C V is called a holomorphic 
subbundle of (V, 5, D) if r(W) is D stable. In this case (W, S\w , D\w) is a holomorphic 
quaternionic vector bundle. 

We decompose a holomorphic structure into 

D = 8+Q, 

where 8S = S8 and Q G r(XEnd_(F)). The case when Q = gives the usual theory of 
(doubles) of complex holomorphic vector bundles. We call D = 8 a complex holomorphic 
structure. 

Examples 2.8. (1) If V is a connection on V then V" is a holomorphic structure on 
(V,S). 

(2) We denote by V the complex vector bundle (V, —S) of the complex quaternionic vector 
bundle (V, S). Then V is the (0, l)-part of the connection V with respect to —S and 
(V, V') is a holomorphic vector bundle. We call V an antiholomorphic structure on 
(V,S). 

(3) If Vk is an S stable subbundle of (V, S) which is also a holomorphic curve with respect 
to S\v k , i-e., 

*5 = SS, where S = 7ry fc V|y fc : Vk — > V/Vk , 
then Vk is in general not a holomorphic subbundle of V with respect to V". The 
condition for Vk being a holomorphic subbundle is exactly 

*5 = S5 , 
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which is equivalent to the condition that V k is a holomorphic curve. 

In particular, if / : M -> MP^ is a Prenet curve and S is an adapted complex 
structure of / on V, then S stabilizes the flag spaces V k and satisfies *5 k = S5 k = 5 k S. 
Thus the V^'s are holomorphic subbundles of V with respect to V" and holomorphic 
curves with respect to S. 
(4) However, the holomorphic curve / : M — > HP™ induces a canonical holomorphic 
structure on the dual bundle L^ 1 of L: it is given by the requirement that restrictions 
of forms a G (H n+1 )* to L are holomorphic sections. The space \ ol G (H ri+1 )*} C 
is a basepoint free linear system |FLPP0il Sec. 2.6]. 

In fact, the correspondence between holomorphic curves and basepoint free linear 
systems H C H®(L~ l ) of a holomorphic line bundle L^ 1 is one to one: by the 
Kodaira correspondence one can consider the bundle L as a subbundle of V = H~ x , 
see jFLPPOll Thm. 2.8]. 

Lemma 2.9 (see BFL + 02l Lemma 2.4]). Let S be a complex structure on V and V = 



d +d + Q + A the decomposition of the trivial connection on V with respect to S. Then 

(2.8) R B+9 = -(Q AQ + AAA) = 2S(A 2 - Q 2 ) 
and, for Z € H°(TM), 

(2.9) R B z + d z = 2S(d z d z -d z d z ). 

If V\ and V2 are two complex holomorphic vector bundles with complex holomorphic struc- 
tures <9fc, then Hom+(Vi, V2) inherits a complex holomorphic structure d via 

(2.10) (<9 A)ip := B 2 (Aip) - A(di ip) . 

The usual tensor product construction for complex holomorphic structures induces a complex 
holomorphic structure on K Hom+(Vi, V2). 

Lemma 2.10. Let S be a complex structure on V and let C V be an S stable subbundle. 
Then the following statements are equivalent: 

(1) Vk is A,Q and 5 stable. 

(2) *6f. = S5 k = 5 k S where 5 k = K Vt N\v k ■ Vk -» V/V k . 
In this case 

5 k = 7r Vk d e H°(K Rom + (V k , V/V k )) 

is a holomorphic section. Here the holomorphic structure on V k is d and the holomorphic 
structure on V/V k is defined by 

B7T Vk = TT Vk B . 

Proof. By a type consideration, a vector bundle is 3 +A + Q stable if and only if it is stable 
under 8, A and Q. Since 

6 k =7r Vk (d + B+Q + A), 

we see that V k is d+Q + A stable if and only if 5 k = vry fc 9. But this is equivalent to 
*5 k = S5 k = 5 k S again by type considerations *A = —AS, *Q = —SQ, and * d = —S d. 

Since d maps sections of V k to one- forms in V k , we can define a holomorphic structure d on 
V/V k by 

dlT Vk =TT Vk d . 

By (|2.8|) we see that stabilizes V k and we obtain for any local holomorphic sections 
ip G H°(V k ) and Z G H°(TM): 

B z (S k (Z,ip)) = B z (iT Vk d z tlj) = 7rv k (B Z {d z t(;)) ^ TT Vk (d z B z tp) = 0. 
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Thus, Sf. is holomorphic because it maps holomorphic sections tjj € H°(Vk) and Z £ H°(TM) 
to a holomorphic section 5k(Z,ip) G ff Q (V/Vfc). □ 

Since the flag derivatives of a Frenet curve are holomorphic sections by the previous lemma, 
we see that a Frenet curve has a smooth Frenet flag. 

Corollary 2.11 (see |LPf)3j ). The Frenet flag of a Frenet curve f : M — ► HP n is smooth on 
M. 

Proof. The canonical complex structure S of the Frenet curve / exists smoothly on M. In 
particular, *5o = S5q = 5oS and the previous Lemma shows that 5q € H°(K Hom + (L, V/L)) 
is a holomorphic section. Therefore, the image of 6q defines a smooth subbundle V\ C V. 
Proceeding inductively, the Frenet flag exists smoothly on M. □ 

Using again a type argument as in the proof of Lemma I2.1U1 we derive a criterion to decide 
whether a given complex structure is the canonical complex structure of a Frenet curve: 

Lemma 2.12. Let S be a complex structure on V . Assume that L C V is a holomorphic 
curve with respect to S and that L has a Frenet flag L C V\ C . . . C V n = V . Denote the 
derivative of Vf- by 5k and define 

5 k := Sk-i o ...oS 

for k = 1, . . . ,n, where 5° = id \l denotes the identity map of V restricted to L. With the 
usual decomposition V = d +d + Q + A of V with respect to the complex structure S, the 
following are equivalent 

(1) Q5 k = for all k = 0, . . . , n - 1. 

(2) L is a Frenet curve and S is the canonical complex structure of L. 

Proof. Since the canonical complex structure 5 of a Frenet curve satisfies Q|y n _i = and 
Im<5j C Vj+i/Vj C Vn-x/Vj, we get Qlim^ = for all j = 0, . . . ,n - 2. 

For the converse, observe that Q5 l = for all i < k implies that is Q stable, i.e., the 
derivative of V\~ is given by 

(2.11) s k = Tr Vk (d + B+A)\ Vk . 

We proceed by induction. Since L is a holomorphic curve with respect to 5, we have *<5o = 
5qS. But then (|2.11|) shows that Vq = L is A and d stable and we get 

since 5q = 7Tl(<9). In particular, the complex structure of the Frenet flag, see Definition l2.il is 
given by J\ = S on V±/L, and *5i = 5iS. Proceeding inductively, we see Jk = S on Vk/Vk-i 
and 5k = irv k d\v k - Hence S is adapted to the flag, and satisfies Q\v n _ 1 =0. □ 

We finish this section by a fact on the Hopf fields A and Q of a Frenet curve which will allow 
later on to describe Willmore curves with vanishing Willmore energy. 

Lemma 2.13. Let f : M —> HP™ be a holomorphic curve and U C M an open subset of M 
so that both the canonical complex structure S and the Frenet flag L C V\ C . . . C V n ~\ C V 
are smooth on U . Then 

(1) If the restriction of A to L vanishes on U then A vanishes on U. 

(2) If Q has image in V n -\ on U then Q vanishes on U. 
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Proof. Note first, that Q|y„_! = implies for ip G T(K-i) that (d v * A)tp = (d v * Q)tp = 
d v (*Qip) + *Q A X7ip = *Q A <5 n -i¥? = by type. 

If we assume that A\y k = on U for some k G {0, . . . , n — 1}, then for X G T(TU) and for 
V> € r(Vfc we obtain 

2A x (5 k ) x ^ = (*AAS k ) x ,jx^ = (d W *A) x ,jx^-(F(*Ai[j)x,jx = 0, 
and hence A|y fc+1 = on U. By induction we see that A\l = on U implies A = on U. 

Moreover, ImQ C kerQ if and only if ImA^ C ker At because Q* = —A\ 

ker A ] = ker Q* = (Im Q) 1 - , and Im A^ = ImQ* = (ker Q) L . 

Since Im^4^ = L*, we see ^4^|l* = and conclude A^ = on U by part (1). Therefore, 
Q = -(At)* = on 17. □ 

3. WlLLMORE CURVES IN HP 1 

The Willmore functional of an immersion to S can be generalized to the Willmore energy 
of a holomorphic curve FLPP01 . We define Willmore curves in HP™ as Frenet curves which 
are critical points of the Willmore functional under compactly supported variations by Frenet 
curves, (LP03] . As in the case of Willmore surfaces in M 3 the Willmore condition is related 
to harmonicity: the canonical complex structure of a Willmore curve in M¥ n is harmonic. 

Recall that a holomorphic curve / : M — > HP" induces a holomorphic structure on the dual 
L- 1 of the line bundle L = /*£. 

Definition 3.1. Let / : M — ► WW n be a holomorphic curve from a compact Riemann surface 
M into quaternionic projective space. The Willmore energy of / is given by 

(3.1) W(f):=2[ <Q L - 1 A*Q L - 1 >, 

where Ql-i is given by the holomorphic structure D = 8 +Ql-i on L~ 1 , and < B >:= 4 tru B 
for B € End(V). 

Remark 3.2. Note that the definition of the Willmor e energy is invariant under projective 
transformations of /. In the case n = 1, we obtain |BFL+02l Prop. 13] the usual Willmore 
functional 

W(f)= [ (\H\ 2 -K -K^)\df\\ 

JM 

of an immersion / : M — > S 4 . Here H is the mean curvature vector of /, K the Gaussian 
curvature, and K 1 - the curvature of the normal bundle 

From now on, M will always denote a compact Riemann surface. 

For a Frenet curve the Willmore energy can be computed in terms of the canonical complex 
structure: 

Lemma 3.3. For a Frenet curve f : M — > HP™ the Willmore energy is given by 

(3.2) W(f) = 2 [ < A A *A > . 

Jm 

Proof. Since L is a Frenet curve the mixed structure ^(V + *V5) stabilizes L. But D = 
|(V + *VS)\ L has D- = V'_| L = A\ L and satisfies for a G r(7 _1 ), ip G T(L) the product 
rule 

< Da, ^ > + < a, Dip >= -(d < a,ip > + * d < a, Sip >) , 
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where D is the holomorphic structure on This equation and (|2.7[) imply D = d— Q* L ~i 
and hence A\l = —Q* L _ 1 . Since / is a Frenet curve, A has image in L so that 

< Q L -i A *Q L -i >=< A\ L A *yl| L > = < A A *A > . 

□ 

Definition 3.4 (see |LP03| ). A Prenet curve / : M —> MP n is called Willmore if / is a 
critical point of the Willmore energy under compactly supported variations of / by Prenet 
curves where we allow the conformal structure on M to vary. 

Definition 3.5. The energy functional of S : M — > Z := {S € End(F) | S 2 = —1} is given 

by 

(3.3) E(S) = \( <X7SA*VS>=2[ <QA*Q> + <AA*A>. 

2 J M JM 

A map S : M — > Z is called harmonic if it is a critical point of the energy functional. 



Let V = d +d + Q + A the decomposition of the trivial connection V on V with respect 
to a complex structure S. By changing the complex structure to —S we get i^End_(V) = 
KHom + (V, V) and d and 5 on V induce by (|2.1Uf) a complex holomorphic structure on 
iTEnd-(y). If we change the complex structure on ^End_(V) to — S then 9 and 9 give 
a complex holomorphic structure 8 on iTEnd_(y) = -K"End_(F), i.e., an antiholomorphic 
structure d on ^End_(F). 

As in jBFL+021 Prop. 5] one shows 



Theorem 3.6. Let S : M — > Z. Then following are equivalent 

(1) S is harmonic. 

(2) *Q is closed which due to ()2.2|) is the same as *A is closed. 

(3) Q is antiholomorphic, i.e., dQ = 0. 

(4) A is holomorphic, i.e., dA = 0. 

Moreover, if f : M — > HDP n is a Frenet curve and S : M — > Z its canonical complex structure, 
then S is conformal, i.e., 

< *VS, *VS >=< VS, VS* > . 

The degree of a complex quaternionic vector bundle V = E © E is defined by the degree of 
the complex vector bundle E which is given by the +i-eigenspace of S, see FLPP01] Sec. 
2.1]. Since d+d is a complex connection on V, the degree of V can be computed by 

(3.4) 2vr deg(V, S) = [ < SR 3+d >^ / < A A*A> - < Q A*Q > . 

JM J M 

Combining (|3.2|) . (|3.3|) . and (|3.4j) . we obtain: 

Corollary 3.7. Zei / : M — > HP™ 6e a Frenet curve with canonical complex structure S. 
Then 

E{S) + 4tt deg(y, 5) = 2W(L) . 

Similar techniques as used in the S -case |BFL+02l Thm. 3] give the usual relation between 
the Willmore condition and harmonicity. 

Theorem 3.8 (see |LP03| ). A Frenet curve f : M —> HP™ is Willmore if and only if the 
canonical complex structure of f is harmonic, i.e., 

d v *A = 0. 
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We have the Kodaira correspondence between holomorphic curves / : M — > HP™ and base 
point free linear systems H C H®(L~ l ). For a Willmore curve / : M — > HIP™, it is natural to 
ask for which choices of basepoint free linear systems H C the induced holomorphic 

curve L C if^ 1 is again Willmore. 

Proposition 3.9. Let f : M -> MP" 6e a Willmore curve. Let L C V and # C i7 (L _1 ) 
6e i/te corresponding line bundle and basepoint free linear system. Let H C i/ (-L _1 ) 6e a 
linear system with H = C H so that the map f : M —> FJP m given by the Kodaira corre- 
spondence has a canonical complex structure which extends continuously into the Weierstrass 
points. Then f a Willmore curve in HP m where m = dimH. 

Proof. Let ft : M — > MP m be a variation of / so that the compact support K does not 
contain Weierstrass points. Without loss of generality, we can assume that ft is unramified 
on K. Then tt : V = H -1 — » V defines a variation of / by Frenet curves ft : M — > FJP n by 
Tr(Lt) = Lt- Since the Willmore energy only depends on the holomorphic structure on L^ 1 
and not on the linear system, we see that 

!*(/,>- =o. 

The usual arguments, see |LP03j . show that the canonical complex structure of / is harmonic 
on K, i.e., 

d v * A = 

away from the Weierstrass points. A recent result on the removability of singularities of 
harmonic maps Hel04 shows that the canonical complex structure extends smoothly into 
the Weierstrass points, and therefore / is a Frenet curve. □ 

Example 3.10. In |Pet04| this construction is used to show that Willmore spheres / : 
S 2 — ► 5 4 are soliton spheres. More precisely, there exists a 3-dimensional linear system 
H C such that the Kodaira embedding of L into H~ l is the dual curve of a twistor 

projection of a holomorphic curve in CP 5 . 

In general, projections of Willmore curves L C V into flat subbundles V C V fail to be 
Willmore, see |Pet04j . 

Proposition 3.11. Let f : M — > HP™ be a Willmore curve with canonical complex structure 
S and let H C be the corresponding linear system. Let H be an S stable basepoint 

free linear system H C H C i^°(L _1 ) iwii/i m = dimi? > 2. Then 

L = tt(l) c f = ^r 1 

defines a Willmore curve f : M —> HP m . i/ere it : V = H~ l V is the canonical projection. 

Proof. Since / is a holomorphic curve, the line bundle L is full, i.e., L is not contained in a 
lower dimensional flat subbundle of V. The kernel H 1 - = ker7r of 7r is V stable which shows 
that tt\l 7^ 0. Since H is a linear system the induced connection V on V satisfies 7rV = Vtt. 
Moreover, 

irS =: Sir 

defines a complex structure on V since ker7r = H 1 - is S stable. The complex holomorphic 
structures V" and on V and V given by the complex structures S and S are related by 

V'jvr = vrVj . 

Since and stabilize L and 7rL respectively, the map it\l is a complex holomorphic 
map. In particular, the zeros of tt\l are isolated and the complex bundle Im7r|i can be 
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extended smoothly across the zeros. In other words, Im7r|i defines a complex quaternionic 
line bundle L. Note that L p = irL p away from the isolated zeros of it\l. 

Let L C V\ C . . . C V be the Frenet flag of /. Since itttl = 7r^7r we see 

<5ott|l = 7T$0 ■ 

If 5q = then V\ is contained in the flat bundle L+ker ir which has rank < n since dimker tt = 
rank V — rank V < n — 1. This contradicts the assumption that L is a full curve in V, i.e., the 
assumption that 5k ^ for = 0, . . . , n — 1. Thus the map 5q ^ is complex holomorphic 
since 

*<5 = S5 = S S , 
and defines a vector bundle Vi . Clearly, V\ extends nVi . 

Proceeding inductively, we see that 5kft\v k = ^fc and 6k ^ for all < k < ranky — 2. In 
particular, L is a full curve in V" with Frenet flag Vk = irVk- Moreover, *6k = S&k = 5kS 
yields that S is an adapted complex structure. 

By construction A = \ * (VS 1 )' and A = \ * (V5)' satisfy Air = irA, hence S is the canonical 
complex structure of /. In particular / is a Frenet curve, and 

* Air = vrd v * A = . 

shows that / is Willmore. □ 

Remark 3.12. If dimiJ = 1 the same arguments as in the proof above show that (ir(L),irS, 7rV) 
defines a flat complex quaternionic line bundle. 

Since the Hopf fields A and Q of a Willmore curve are holomorphic, the zeros of A and Q 
are isolated. Therefore, Lemma 12 . 131 implies : 

Corollary 3.13. Let S be the canonical complex structure of a Willmore curve f : M — > HP". 

(1) If A ^ then the set 

M := {p G M | L p C ker A p } 

has no inner points. 

(2) IfQ^O then the set 

M:={ P £M\ lmQ p C (K-i) P } 

has no inner points. 

We collect some examples of Willmore curves in HP n and methods to construct new Willmore 
curves out of given ones. 

Examples 3.14. (1) Let h : M — > CP 2n+1 be a (complex) holomorphic curve whose 
n th osculating space W n does not contain a quaternionic subspace, i.e, W n © W n j = 
C 2n+2 = H n+1 . It is shown in |FLPP0ll Lemma 2.7] that the twistor projection 
f : M — > HP n of h has the smooth canonical complex structure S given by S\w = i. 
Moreover, it is shown that A\l = so that Lemma 12 . 131 gives that / is Willmore since 
A = 0. Moreover, / has Willmore energy W(f) = 0. 

Conversely, every Willmore surface / : M — > HP" with W(f) = is given as a 
twistor projection of a holomorphic curve in CP 2n+1 . 
(2) Let / : M — > HP" be a Willmore curve, and L C V the corresponding line bundle. 
The flat connection V* on V^ 1 decomposes as V* = 3 +d* — A* — Q* with respect 
to the canonical complex structure S* of the dual curve /* : M — > HP". Therefore, 
we compute 

((f v * * A*y = d v *a 
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so that a curve / : M — > HP n is Willmore if and only if its dual curve /* : M — > MF n 
is Willmore. 

(3) A flat connection V on a complex quaternionic vector bundle (V, S) is called Willmore 
connection FLPP01 S Sec. 6.1] if S is harmonic, i.e., <i v * A = 0. In general, the 
harmonic complex structure S will not be the canonical complex structure of a Frenet 
curve. But if rank A = 1 then dA = implies that the image of A defines a d 
holomorphic line bundle. Thus, L = Iva.A C V is a Willmore curve if QS k = for all 
k = 0, . . . , n — 1 see Lemma 12.121 

Moreover, if L is Willmore then the connections V A = V + (A — 1)A are flat for 
all A = a + f3S, a,/3 G 1, a 2 + /3 2 = 1. Denote by L A the line bundle L considered 
as subbundle in (V, V A ). If we decompose V A with respect to the complex structure 
S of L then Q A = Q. Thus S is the canonical complex structure of L x and L x is a 
Willmore curve. Its Willmore energy is given by W{L X ) = W{L). 

Notice, that though V is trivial, the Willmore curves of this family may have 
holonomy. 



The quaternionic Plucker relation |FLPP0il Thm. 4.7] gives the Willmore energy of a Frenet 
curve in terms of the Willmore energy of its dual curve, the genus of the surface and the 
degree of the associated line bundle. We give a proof of the Plucker relation in the case when 
/ : M -> HP n is a Frenet curve. 

We compute the degrees of various complex bundles involved in the Plucker relation: 

Lemma 4.1. Let f : M — > HP n be a Frenet curve, S its canonical complex structure and 
L C V\ C . . . C V n = V its Frenet flag with corresponding derivatives Si. Then the degree of 
the bundle Vk/Vk-i with respect to S is given by 



where we put V-\ := {0}. 

Proof. The degree of a complex holomorphic line bundle E is given by the vanishing order 
of any holomorphic section of E. Since *5i = S5i = 5iS, Lemma 12.101 implies that Si G 
H° (K Jlom + (Vi/Vi-i,Vi + i/Vi)) is a holomorphic section, and thus 



If (Vi, S\), (V2, S2) are two complex quaternionic vector bundles then Hom + (Vi, V2) is canon- 
ically isomorphic to Homc(£i,^), where the E\. are again the +z-eigenspaces of Sk- There- 
fore, 

ord Si = deg K + deg V i+ i/Vi - deg Vi/Vi-i , 
and, telescoping this identity, we get 

fc-i 



4. Plucker relation of a Frenet curve 



(4.1) 



k-1 

deg Vfc / Vk-i = ord Si — k deg K + deg L, < k < n . 

i=0 



ov&Si = deg(K Hom+iVi/Vi-t, V i+ i/Vi)) . 



(4.2) 




8=0 



□ 



Remark 4.2. The degree of the dual curve is given by 



n-l 



degL* 



n deg K — deg L 




1 1 
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since (V/V n -i)- 1 = V£. 1 = L*. 

We now prove the quaternionic Pliicker relation FLPP01, Thm. 4.7] in the case of Frenet 
curves: 

Theorem 4.3. Let f : M — > HP™ be a Frenet curve with canonical complex structure S. Let 
L <Z V\ d . . . <Z V n = V be the Frenet flag of f and 5i the derivatives of Vi . For a compact 
Riemann surface M of genus g, the Pliicker relation 

(4.3) deg(F, S) = ^(W(f) - W(n) = (n+ l)(n(l - g) + degL) + oiAH 

47T 

holds, where ordH = Y17=o( n ~ i) ord 5i is the order of the linear system H = V^ 1 C 

Remark 4.4. If L C V is a holomorphic curve then H = V~ l C -ff°(L _1 ) is a basepoint free 
linear system. The order of H is defined by [FLPPOil Def. 4.2] 

ord(F) = ord p(^) • 

where ord p (iJ) = X^fc=o( nfc (^) — ^) ^ s or der of H at p and no(p) < . . . < n n (p) is the 
WeierstraB gap sequence of H. In the case of a Frenet curve, the expression for the order of 
H simplifies to ord-ff = Y17=o( n ~ or d<5i- In particular, if / is an unramified Frenet curve, 
then ord-ff = 0. 

Proof. Since as complex vector bundles V = (J)fc =0 V^/V^-i we have 

n n k—l 

deg(V,S) = J2degV k /V k -i=J2Q2 OTdSi - kde ^ K + de S L ) 

k=0 k=0 i=0 

n k—l , , -1 \ 

= (EE ord ^)~ 2 - de SK+(n + l)degL. 

Moreover, 

4ndeg(V,S) ^2 f < A A *A > - < Q A *Q > m =^ W(f) - W(f*) . 
Jm 

□ 

Remark 4.5. Let h : M — > CP 2n+1 be a holomorphic curve in CP n such that the twistor 
projection / : M — > HP™ of h is a Frenet curve, compare Examples 13.141 (1^. Since W(f) = 
the Pliicker relation shows that the Willmore energy of the dual curve /* of / is given by 

W(f*) = 4vr deg(V, S) e 4vrN . 
5. Backlund transformation on Willmore curves 

Using the harmonicity of the canonical complex structure, a similar construction to the d and 
d transforms of a harmonic map into CP n , |Wol88j . gives the Backlund transformation on 
Willmore curves. We show that the Backlund transform / : M — * HP" of a Willmore curve 
/ : M — > HP™ is again Willmore provided / is a Frenet curve. The latter assumption will be 
void in case of Willmore spheres. 

Due to the harmonicity of the canonical complex structure A is 9-holomorphic and Q is 
5-holomorphic. Thus their kernels and images define smooth subbundles of the trivial H™ +1 - 
bundle, and we get new maps into HP™. 
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Lemma 5.1. Let f : M — > HP™ be a Willmore curve and S its canonical complex structure. 
Decomposing the trivial connection V = B +d + Q + A on V = H n+1 with respect to S, we 
see 

(1) For A there exists a rank n subbundle W n -\ C V which agrees with kervl except 
at finitely many points and which satisfies W n -i C ker A. 

(2) For Q ^ there exists a line bundle L C V which agrees with Im Q except at finitely 
many points and satisfies ImQ C L. 

In abuse of notation, we write ker A = W n -i and ImQ = L. 

The image of A and the kernel of Q also define smooth bundles. However, these are the already 
known bundles Imyl = L and kerQ = V n -\ since S is the canonical complex structure of /. 
The harmonicity of S implies that ker A is a holomorphic bundle and ImQ a holomorphic 
curve. 

Lemma 5.2. Let f : M — > HP™ be a Willmore curve with canonical complex structure S. 

(1) If A ^ then ker A C V is a holomorphic subbundle with respect to the holomorphic 
structure induced by the complex structure —S on V . 

(2) If Q 7^ then Im Q CV is a holomorphic curve with respect to the complex structure 
—S on V. 

Proof. For <p € T(kevA) we have 

= (d v * A)ip = d v (*Aip) + *A A Vip = *A * Vip + A\/ip 
= *A* l n -W + A5 n ^np = -AS(*8 n -i<p + S5 n -np) . 

which implies 

(5.1) *a n _i + sa n _i = o, 

since A is, interpreted as a map in f2 1 (Hom(I// ker A, V)), injective away from finitely many 
points. This shows that ker A C V is a holomorphic subbundle, compare Example 12.8( 3). 

Consider the dual curve /* of / which is again a Willmore curve with A^ = —Q*. Assume 
that Q 7^ 0, then by the above argument ker A< C V^ 1 is a holomorphic subbundle. But then 
ImQ C V is a holomorphic curve, by Example I2.8f 3) and 

(5.2) (ker A 1 ")^ = (ker Q*)^ = ImQ . 

□ 

To be able to deal with holomorphic curves only, we consider instead of the holomorphic 
bundle ker A the holomorphic curve (ker A) 1 - C V -1 . One of the main difficulties of this 
construction is that ImQ and (ker A) 1 - might fail to be Frenet curves. We will show below 
that at least in the case of Willmore spheres / : S 2 — > HP n both line bundles are Frenet 
curves. The general case is more difficult and is a topic to which we will return in a future 
paper. 

Therefore, at least for the purposes of the present paper, we will assume that L and (ker A) 1 - 
are Frenet curves. We define 

V C V and V^ 1 C V' 1 

as the trivial subbundles of V and V^ 1 so that the holomorphic curves L C V and (ker A) 1 - C 
V^ 1 are full curves in V and V~ l respectively. 
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Since (ker ^4)^ is a line subbundle of the dual bundle of V, we will rather consider the dual 
curve L C V of (ker A) which is again a Frenet curve unless (ker A) 1 - is a constant in PV. 
In this case, we define L := ((ker A)- 1 -) -1 to be the dual bundle of (ker A)^. 

Definition 5.3. Let / : M — > HP™ be a Willmore curve. Then L C V is called the forward 
Bdcklund transform of L, and L C V" the backward Backlund transform of L. 

Remark 5.4. Note the similarity to the d and d transforms of harmonic maps into CP n 
Wol8§j: we use the (0, l)-part Q and the (1, 0)-part A of the derivative V5 of the harmonic 
map S : M — > Z to construct new holomorphic curves. However, our construction will 
give new Willmore curves rather than the associated harmonic maps. Moreover, to obtain 
sequences of Willmore surfaces, we will have to guarantee the smoothness of the canonical 
complex structure of a Backlund transform. This can be done, at least in the case of Willmore 
spheres in HP™, and we will see below that in this case the resulting sequence is finite. 

To compare our definition of the Backlund transformation to the one given in [BFL+021 Prop. 
17] for conformal immersions / : M — ► £ 4 , we contemplate the Frenet flag of L. 

Let k = rank V be the rank of the trivial bundle V and let V* be the Frenet flag of the Frenet 
curve (ker A) C V" 1 . The Frenet flag of the Backlund transform L = {{ker A) )* is thus 
given (|2.5|) by 

In the case when L is a full curve in V then 

Vn-i = {Vq*) 1 - = (ker A) L± =keiA. 

In particular, for Willmore surfaces / : M — ► 5 4 the Backlund transform / is a full curve in 
H 2 unless it is a constant point in HP 1 . Therefore, we obtain the (twofold) forward Backlund 
transform L = V n —i = ker A as defined in BFL + 02l Prop. 17]. 



We prove that Backlund transforms of Willmore curves are again Willmore curves: 

Theorem 5.5. The forward and the backward Backlund transform of a Willmore curve are 
again Willmore curves. 



Proof. Let / : M — > HP™ be a Willmore curve, S its canonical complex structure and / : 
M — > MF k the forward Backlund transform of /. The line bundle (ker A) -1- =: L* is a Frenet 
curve in some trivial quaternionic subbundle V~ l C V^ 1 of rankfc+l. We denote the induced 
projection by tt : V — > V. The trivial connection V on V^ 1 induces a trivial connection V 
on V. Since (L*) 1 - equals 7rker A, the Frenet flag of / is given by L C V\ C . . . C Vk-i C V 
where Vk-i = vrker A. 

Since ker A is a holomorphic vector bundle with respect to the holomorphic structure induced 
by — S, the line bundle L* is a holomorphic curve with respect to the complex structure 
— S*\y-i. In particular, the canonical complex structure of /* is given by 

S* = -S*\ v ^+B* 

with L* C ker B* = (ImB) 1 . Therefore 

Sir = -ttS + B , 



16 K. LESCHKE 

defines the canonical complex structure of / where B G r(Hom(V, Vfe_i)). The bundle Vk-i 
is 5 stable and for ip G r(V) we calculate 

TTy k _ x (*VB - SVB)ip = TTy^ (*V(Bip) — B * Vip — SV(Bip) + SBVip) 

= (*V(Bip) - SV(Bip)) = (*4-i - Sd k -i)Bif 

= 0. 

This shows that *VB — SVB takes values in V&-1- Since Q|y„_ 1 = we also obtain 

^Mv^ ^ (SVS + *VS)7r\ Vn ^ 

= (n(S(VS) - *VS) - B(VS) + S(VB) + *VB) \ Vn _ x 

(AnQ- B(VS) + S(VB) + *VB)\ Vn ^ 
= ( - B(VS) + S(VB) + *VB) |v^_i • 

But ^4 maps to L C V^-i, so we see that *V-B + SV-B restricted to V n -\ takes values in V&-1 
and so does VB. For ^ G V^_i we get 

4-1^ = ^(^)^ = 

and hence 

Sir = —ttS + B, where ImB C Vfc_i and V n -\ C kerf? . 

This yields 

*Vvn/> + (VS)tt0 + SVirip = vr * + V(Snip) = vr(*VV> - VStp) G ^(ttL) , 

for ip G T(V r n _i) since -kl(*ViP — VSip) = *5o?p — SoSip = 0. Moreover, S stabilizes ttL by 
Snip = —nSip + Bip = —nSip G ttL for ip £ L. Thus we also get 

5 * Vvr^ + S(VS)ml> - VvrV' G ^(ttL) 

and 

-Vtt^ + (*VS)tt^ + S * Vtw/j G ^(vrL) . 
Subtracting these equations, we find 

AQnip (5(V5) - *VS)tt^j G O^ttL) for V € T(K-l) • 
Since S is the canonical complex structure of /, i.e., 

Q\n(ksrA) = Q\v k _i = °' 

this implies that Q takes values in ttL. Moreover, 

4Qtt *P (5V5-*V5)^ 

= (SVB - BVS — *VB) + 7r(5V5 + kVS 1 ) 

(SVB - BVS — *VB) + 47rA . 

Since i? and *V-B — SVB map to Vfc_i while 7Tj4, Q have values in 7rL, we obtain (SVB — 
BVS - *VB) = and 

(5.3) Qtt = ir A . 

Now (d v * Q)ir = Ti(d v * A) = yields by Theorem ESI that / is Willmore. 
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Assume that / : M — > HP n is a Willmore curve such that Q ^ and such that / is a Frenet 
curve in some trivial quaternionic subbundle V C V. The dual curve /* of / is Willmore, 
and by the above argument /* is Willmore, too. Finally, 

(5.4) Z* = ((ker^)* *P L* . 
shows that / is the dual curve of /* and therefore Willmore. 

For later use we collect the information we have on the canonical complex structure 5* of /: 
The canonical complex structure S* of /* induces S via S = S* , and thus 

S=S\y+B, 

where L C kerl? and ImB C L. Let it : V^ 1 — ► V^ 1 be the canonical projection. Then 
ttA^ = Q^tt and 

(5.5) i = -(Qt7r)* = -(7rAt)* = Q|^. 

□ 

As a consequence of (|5.4|l . we get the relation between the forward Backhand transform of a 
Willmore curve and the backward Backlund transform of its dual curve. The dual statement 
follows similarly. 

Corollary 5.6. Let f : M — > HP™ be a Willmore curve and f* its dual curve. 

(1) If the forward Backlund transform of f* exists, then the backward Backlund transform 
of f exists and 

T = r . 

(2) If the backward Backlund transform of f* exists, then the forward Backlund transform 
of f exists and 

T* = /*• 



If the Backlund transform / of a Willmore curve / is a Frenet curve in HP™ then / has Q = A 
by ()5.3|) . Hence ImQ = ImA = L and the backward transform of / exists. 

Corollary 5.7. Let f : M — > HP™ be a Willmore curve. 

(1) Assume that the forward Backlund transform f is a Frenet curve in HP™. Then the 
backward Backlund transform of f exists and 

f = f 

(2) Assume that the backward Backlund transform f is a Frenet curve in HP™. Then the 
forward Backlund transform of f exists and 

/=/■ 

We are now able to give the Willmore energy of a Backlund transform of / in terms of the 
Willmore energy of /. 

Corollary 5.8. Let f : M — » HP™ be a Willmore curve, and let f and f be the backward and 
forward Backlund transforms of f . Then the Willmore energies of f and f are given by 

W(f) = W(f*) and W(f*) = W(f) . 

Proof. 
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(1) Recall that by (|2,6|) and ()3.2j) the Willmore energy of the dual curve /* is given by 
W(f*) = J M < Q A *Q >. By we have A = Q\y. Since ImQ = L C V we get 

W(f*) = [ <QA*Q>= [ <Q\ v A*Q\y>= [ <AA*A>=W(f). 
JM JM JM 



(2) Using Corollary ICT we see W(f*) = W{f*) = W(f). 



□ 



6. Backlund transforms with —S as the canonical complex structure 

Given the forward and backward Backlund transforms / and / of a Willmore curve / : M — > 
HP™, we have seen that the negative —S of the canonical complex structure of / renders /* 
and / into holomorphic curves. We will now discuss the case when — S is in fact the canonical 
complex structure of / or /. It turns out that in this case the Backlund transform comes 
from complex holomorphic data and / has integer Willmore energy. 

Moreover, the Backlund transforms can be used to project / to a Willmore curve / : M — * 

Jjpn-fc for 

some suitable HTP™- fc C MP™ such that / is given by complex holomorphic data. 
Theorem 6.1. Let f : M — > HP™ be a Willmore curve. 

(1) If the backward Backlund transform f : M — * MP is a Frenet curve in HP fc with 
k < n and has canonical complex structure S = —S, then f is the dual curve of a 
twistor projection of a holomorphic curve h : M — > CP 2fe+1 . 

(2) If the forward Backlund transform f : M — > HP is a Frenet curve in HP fc with k < n 
and has canonical complex structure S = —S then f is the twistor projection of a 
holomorphic curve h : M — » CP +1 . 

In both cases, f has Willmore energy W(f) € 47rN. 
Proof. 

(1) Let V be the trivial k+1 bundle so that L C V is a full curve. Since S = —S\y is 
the canonical complex structure of /, Lemma 12.121 shows that 

A5 k = , 

which implies A\ v = 0. Since Q = A\^ this yields that / is the dual curve of the 

twistor projection of a holomorphic curve in CP +1 . By Remark 14.51 f has integer 
Willmore energy, and the Pliicker relation together with Corollary 15.81 gives 

W(f) = W(f) + 4vr deg(V, S) e 4vrN . 

(2) The dual curve f* : M -> MP™ of / is a Willmore curve. By Corollary El the 
backward Backlund transform of /* is given by the dual 

? = f 

of the forward Backlund transform of /. Since / : M — > HP™ has canonical complex 
structure — S, the backward Backlund transform /* has canonical complex structure 
S* = —S*. Using the first part, / = (/*)* is the twistor projection of a holomorphic 
curve h:M -> CP 2fe+1 , and W(f) = W{f*) G 4ttN. 



□ 
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For Willmore curves / : M — > MP n the backward Backlund transform / : M — > MP k is a 
Frenet curve in some trivial rank/c + 1 subbundle V C V of V, k < n. If the canonical 
complex structure S is given by —S on V, then V is in particular S stable, too. 

If rankF = n + 1, i.e., V = V, then A5 % = for i < n since —S is the canonical complex 
structure of /. Because Im5 l = Vi+i/Vi except at finitely many points, this shows that 
A = 0. In other words, if the backward Backlund transform / is a full curve in V, then / is 
the twistor projection of a holomorphic curve in CP 2n . 

If rank V = k + 1 < n, the quotient bundle V = V/V is a smooth trivial bundle of rank n — k > 
1. The canonical projection it : V —* V has S stable kernel ker7r = V so that we can project 
L to a Willmore curve L = tt(L) C V by Proposition \'i .111 In other words, / : M — > MF n 
projects to a Willmore curve / : M — * HP n_ . 

Moreover, we know that the canonical complex structure of / is given by Stt = ttS so that 

Qir = ttQ . 

The image L of Q is a line subbundle of V and thus irQ = and Q = 0. Therefore, we 
have shown that / is the dual curve of a twistor projection of a holomorphic curve in CP n . 
Dualizing this result, we obtain a similar result in case that the forward Backlund transform 
has — S as complex structure. 

Proposition 6.2. Let f : M — > MF n be a Willmore curve so that f and f* do not come from 
the twistor projection of a holomorphic curve h : M — » CP 2n+ . 

(1) If the backward Backlund transform f : M — > MF k , k < n, has canonical complex 
structure —S then the line bundle L projects under the canonical projection tt : V — > V 
to a Willmore curve L = vr(L) in the rank n — k trivial bundle V = V/V unless L = V 
is 1- dimensional. 

More precisely, vr(/) = / : M — > HP™ _fe is the dual curve of a twistor projection of 
a holomorphic curve h : M — > CP n unless f is a constant point. 

(2) If the forward Backlund transform f : M — > MP k , k < n, has canonical complex 
structure —S then the dual line bundle L* of L projects under the canonical projection 
it : V~ l — > (V*) to a Willmore curve (L*) = tt(L*) in the rank n — k trivial bundle 
(V*) = V v /V^ 1 unless (L*) = (V*) is 1 -dimensional. 

More precisely, vr(/*) = (/*) : M — > HP n_fc is the dual curve of a twistor projection 
of a holomorphic curve h : M — > CP n unless (/*) is a constant point. 

Remark 6.3. The assumption that the canonical complex structure of a Backlund transform 
of a Willmore curve / : M — > HP™ is the negative of the canonical complex structure of / 
does not hold in general: for example, there are Willmore tori / : T 2 — > S 4 which come from 
integrable system methods and do not have integer Willmore energy, c.f. |FP90| . 

7. Willmore spheres in HP n 

We show that the forward and backward Backlund transforms of a Willmore sphere / : 
S 2 — > HP™ are Frenet curves whose canonical complex structures are the negative — S of 
the canonical complex structure S of /. In particular, combining the results of the previous 
section, we see that a Willmore sphere / has integer Willmore energy W(f) € 47rN and 
is either a minimal surface in M 4 with planar ends, or / or its dual curve /* is, at most 
after projection to a suitable HP m , a twistor projection of a holomorphic curve in complex 
projective space. In particular, a Willmore sphere is given by complex holomorphic data. 
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To show that a Backhand transform of a Willmore sphere is Frenet, we construct the Frenet 
flag and an adapted complex structure recursively. 

Lemma 7.1. Let f : M — > HP™ be a Willmore curve with canonical complex structure S 
such that Q / and let L = ImQ. Assume that there exists for < k < n — 1 rank i + 1 
bundles Vi, i < k, such that 

vr(vj) C 0, 1 (V i+1 ), < « < Jfe — 1. 

Define 

5 % = S{-i o 5i-2 o . . . o So, 1 < i < k , 
and 5° = id where 5i = 7iy.V|y. are i/te derivatives of the Vi. 
If —S is adapted to the flag, i.e., 

*5{ = —S5i = —5iS 
for < i < k — 1, then the following statements hold: 

(1) For alli = 0,...,k, 

APQ G H°(K t+2 Rom + (V/V n -i,L)) 

is a holomorphic section. In particular, if f : S 2 — > HP™ is a Willmore sphere, then 
A6 i Q = 0for alli = 0,...,k. 

(2) If A5 l Q = for all < i < k, then the image of the derivative 5t of Vt defines a 
rank A; + 2 subbundle Vk+i C V provided 5^ ^ 0. In this case, the derivative of 
satisfies 

*8k = —SSk = -d~kS . 



Proof. 

(1) Note that A5 l Q G T(K %+2 Hom + (V r /V r n _i, L)) since S is the canonical complex struc- 
ture of / and thus ker Q = V n -\ and Im A = L. 

By Lemma l2.10l the derivatives 6i are 9-holomorphic. Since / is a Willmore curve, 
A and Q are holomorphic and antiholomorphic respectively, so that 

BiAtfQ) = (BA)&Q + AidftQ)) = 

which shows that A5 l Q G H (K l+2 Hom + (V/V n -i, L)) is a holomorphic section. Since 
the degree of a complex holomorphic bundle is given by the order of any non- vanishing 
holomorphic section, we see 

n-l 

ord(^Q) = deg K l+2 + deg L — deg V/V n -i = (i + 2 + n) deg K - ^ ord 5 3 , 

3=0 

provided A5 l Q ^ 0. If / : S 2 — > HP™ is a Willmore sphere, then deg-fT < whereas 
the order of a holomorphic section is nonnegative. Thus, the above equation cannot 
hold, and A5 l Q has to vanish. 

(2) The assumption A5 l Q = for all i < k implies that Vk C ker A, i.e. Vk is ^-stable. 
But Vk is Q-stable, too, since ImQ = Lc Vk- In view of Lemma 12.101 it remains to 
show that Vk is also <9-stable. Lemma 12.101 then shows that —S is adapted and 5k is 
<9-holomorphic, so that the image of 5k defines the smooth bundle V^+i- 

If k = then Vk = L = ImQ, which is d stable since Q is antiholomorphic. If 
k > then the flag L C . . . C 14 has —S as an adapted complex structure. Hence <5j 
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is <9-holomorphic and Im 5i = V%IV%-\ is d stable for < i < k — 1. Thus Vk is again 
d stable. 

□ 

Since the backward Backlund transform of a Willmore sphere / : S 2 — ► HP™ is a holomorphic 
curve with respect to the complex structure —S, we can apply the previous Lemma succes- 
sively as long as <5fc / to construct the Frenet flag of /. Since —S is adapted to the flag and 
A5 k Q = 0, we see that —S is the canonical complex structure of /. Dualizing this result, we 
conclude: 

Corollary 7.2. A Backlund transform of a Willmore sphere f : S 2 — > HP™ is a Frenet curve. 
Its canonical complex structure is the negative of the canonical complex structure of f. 

Remark 7.3. The sequence of Willmore spheres obtained by applying successively forward (or 
backward) Backlund transformations breaks down after at most n steps since the i th forward 
Backlund transform fi'.S 2 ^ HP™< of / maps to HP™* with ni < n — i. 

As we have seen before, a Willmore curve / : M — > HP™ whose backward Backlund transform 
is a full curve / : M — > HP™ in HP™ and has negative canonical complex structure is a twistor 
projection of a holomorphic curve in CP™ . Conversely, we show that the Backlund transforms 
of a twistor projection of a holomorphic curve in CP™ are Frenet curves: 

Corollary 7.4. Let h : M — > CP 2n+1 be a holomorphic curve in complex projective space 
such that the twistor projection f : M — > HP™ of h is a Frenet curve. 

(1) If f has Q then the backward Backlund transform f : M — > MP k , k <n, of f has 
Q = 0. _ 

(2) If the dual curve f* of f has A* ^ then the forward Backlund transform f* : M — » 
UP k , k<n, of f* has At = 0. 

Proof. Since in the first case A5 k Q = for all < k < n, we can construct with Lemma 
17.11 successively flag spaces Vk as long as 5k ^ 0. Let V be the V stable bundle so that / 
is a full curve in V. By construction, the complex structure S = —S\y is adapted, and has 
Q = A\y = 0. In particular, / is a Frenet curve with canonical complex structure S. 
The second part is the dual statement of (1). □ 

We conclude the paper with a classification result for Willmore spheres in HP™. In the case 
of a Willmore sphere / : S 2 — > S 4 the forward and backward Backlund transform coincide 
and give a point oo in FJP 1 since AQ = 0. The canonical complex structure S of / stabilizes 
L = I j. In this case the canonical complex structure gives the mean curvature congruence 
of the conformal map / : M — > S 4 , and the fact that S stabilizes L = L translates to the 
property that the point oo lies on all mean curvature spheres of /. Using oo for a stereographic 
projection of S 4 to M 4 , we see that / becomes a minimal surface in M 4 , see BFL+021 bee. 
11.2] for the details of this argument. This yields an alternative proof of the result of Ejiri 
Eji88|, see also |Mon00| . that a Willmore sphere / : S 2 — > S 4 is either a minimal surface in 
M 4 with planar ends, or / or its dual curve /* is a twistor projection of a holomorphic curve 
h:S 2 ^ CP 3 . 

In the case of Willmore spheres in HP™ the Backlund transforms are not necessary a constant 
point but can be Frenet curves in a lower dimensional HP fc . Since the canonical complex 
structure of a Backlund transform of a Willmore sphere is —S, Proposition 16.21 allows to 
characterize all Willmore spheres. 
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Theorem 7.5. Every Willmore sphere f : S 2 — > HP™ has Willmore energy 

W(f) 6 4^N, 
and is given by complex holomorphic data. 

More precisely, f is either a minimal surface in M 4 with planar ends, or f or its dual curve 
f* is, at most after projection to a suitable IHP m , a twistor projection of a holomorphic curve 
in complex projective space. 

Proof. If / : S 2 — > HP™ or its dual curve /* is a twistor projection of a holomorphic curve in 
CP 2n+1 then / has integer Willmore energy W(f) G 4-7rN. 

Let re > 1, A, Q ^ 0, and assume that one of the Backhand transforms, without loss of 
generality say /, is a full curve in a rank re — 1 vector bundle V. Then V = V/V has rank 1, 
so that the projection it : V — > V only gives a constant point. However, in this case ker A = V 
is a V parallel subbundle of V, and (ker A) 1 - is a constant point. In other words, V has rank 
1, and the dual curve /* of / projects to a Willmore curve in IHIP™^ 1 . 

In particular, Proposition 16.21 shows for re > 1 that at least one of / and /* projects to 
the dual curve of a twistor projection of a holomorphic curve in complex projective space. 
Moreover, f : S 2 —>■ HP™ has integer Willmore energy W(f) € 4-7rN. 

The remaining case re = 1, A, Q ^ 0, results in minimal spheres in R 4 with planar ends as 
discussed above. □ 
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